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Abstract 

We derive the Noether identities and the conservation laws for general gravi¬ 
tational models with arbitrarily interacting matter and gravitational fields. These 
conservation laws are used for the construction of the covariant equations of motion 
for test bodies with minimal and nonminimal coupling. 


Metric-afRne gravity pQ provides a general framework for the discussion of dynamics 
of arbitrarily interacting matter and gravitational field. In this formalism, one can analyse 
minimal coupling of matter with or without microstructure, along with extended nonmin¬ 
imal coupling schemes, in any spacetime geometry. The gravitational held potentials are 
the independent metric tensor gij and the linear connection The corresponding held 
strengths [l] are the curvature, the torsion, and the nonmetricity: 

Rkii^ = dkTi^-diTki^+TJTu^-TlJTk^^ ( 1 ) 

Tfcz* = (2) 

Qkij ^kQij dkQij T ^ki 9lj T hfcj Qu. (3) 

The deviation from Riemannian geometry (specihed by the Christohel connection F^/ = 
\g'^\djgki + dkgij — digkj) and marked by tilde) is measured by the distorsion tensor 

Nk,^ = hfc/ - Ffc/. (4) 

Noether identities arise from the symmetries of the action I = j d*xC. Here we 
study the case when the Lagrangian density C = gij, Rkid, Qkij, Nkj^) is 

a function of the metric, the curvature ([T]), the torsion ([2]), the nonmetricity ([3]), the matter 
held ^fJ^, and its covariant derivative V '0'^- We assume that 
the action is invariant under general coordinate transformations of the gravitational and 
the matter helds: x* ^ x* -f 5x*, g^j —)■ gij + dgtj, hfcd ^ ^kd + STki\ and -)■ + 


5x^ = e(x), (5) 

9kj - (dj^’") 9ik, ( 6 ) 

S^jJ^ = _ (7) 

5ry = -{^ke)ru^-{^^e)rkl^+{^le)rk/-^le. (8) 


The generators of the coordinate transformations satisfy commutation relations 
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After a straightforward computation, we find for the variation of the action 

V=- / d*x fit + w + (df.e)+{Si,„e)fit’’ 


( 10 ) 


where explicitly 
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Invariance of the action, SI = 0, yields the four Noether identities: 

12, = 0, 12fc* = 0, 12fc*^' = 0, 12fc*^" = 0. 


( 12 ) 

(13) 

(14) 

(16) 


General coordinate symmetry is due to the fact that the density C is constructed from 

^ijk^ _ dC ^ij ^ _ dC j^kij _ dC 


covariant objects. Denoting p/*'/ = cr*^fc = we find 
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As a result, we verify that flr'l — 0 and flfeO" — o are satisfied identically. Using (II OB and 
03 . we then recast the Noether identities (ITTll and (IT^ into 
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+ rmdkRarT + A^^dkTi^^ + A^n^OkNin"^ + U^^^dkQlmn = 0, (18) 
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( 19 ) 


-V,(2i^\ - g|^(ff'‘s)tV®) + V„ (mI”» + ,^('«>‘ - ^,‘■»>’') g,t 
- li‘"kNi„‘ + ^“nNu" + g“„N,t" + 2a“„Tu'' - a‘"tT,„‘ 

I O D ^ I C> ^ Jnm d i i ,,imn^ _ n 

“T -i-P m-^kln “r p m-^lnk P k-^lnm “r k' ^kmn U. 

An arbitrary tensor density A^i,,,^"' is mapped into a density of the same weight by 

VnA^iJ- = dr^A^.J- + - TJA^J-, (20) 

A similar covariant derivative, defined by the Riemannian connection, is denoted 

= dr^A^.J- + - rjA^J-, (21) 


It is worthwhile to note that the variational derivative with respect to the metric is an 
explicitly covariant density. This follows from the fact that the Lagrangian depends on 
gtj not only directly, but also through the objects Qkij and Explicitly, we find 
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The Noether identity (IT^ is apparently noncovariant in contrast to (IT^ . To fix this, we 
replace fifc = 0 by an equivalent covariant identity: Qk = = 0. Explicitly, 
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When the matter fields satisfy the field equations 6C/6ijj^ = 0, the Noether identities 
(IT^ and (|2^ reduce to the conservation laws for the energy-momentum and hypermo¬ 
mentum, respectively. 

Nonminimal coupling models [2H1] have attracted considerable attention recently. 
Using our results above, we can analyse a large class of models with the Lagrangian 


R — \/~gRL^s,f (24) 

The coupling function F = F{gij, ,Tki\Qkij, N^i^) depends arbitrarily on its argu¬ 
ments, whereas the matter Lagrangian Lmat = Ljna.t{'4’^,'Vi'4’^, gij) has the usual form. 

The matter is characterized by the canonical energy-momentum tensor, the canonical 
hypermomentum tensor, and the metrical energy-momentum tensor 
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The usual spin arises as an antisymmetric part of the hypermomentum, = ^[ijf, 
whereas the trace is the dilation current. The symmetric traceless part de¬ 

scribes the proper hypermomentum [1]. 
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The conservation laws are derived from flT^ and fl2^ , and they read 


( 26 ) 

(27) 


= F4‘ + V„(FAV), 

V. (FE,-) = F (e,T«- - - L„..V.F. 

The so-called modihed covariant derivative is defined as Vi = V* -|- Nui . These results 
generalize our previous hndings lad. 

The equations of motion of extended bodies are obtained from the conservation 
laws, see the historic overview in [8]. There exist various schemes using the so-called 
multipole expansion technique in which the motion of an extended body, sweeping a 
hnite world tube, is approximated by the motion of a point particle, which is characterized 
by a (inhnite, in general) set of moments. The latter are dehned as integrated quantities 
derived from the Noether currents that describe body’s matter. Here we use the covariant 
expansion approach of Synge 

In Synge’s formalism, two-points tensors (or bitensors) are introduced as tensorial 
functions of two spacetime points. Most important among them is the world-function 
a{x,y), which measures the interval (distance) along a unique geodesic curve connecting 
the two points x and y, and the parallel propagator g^^ixiy) that transfers tensorial 
objects along this geodesic. Covariant derivatives of the world-function are denoted by 
ay := 'Vya, etc. 

Let us consider, for now, the special case when the microstructure of matter is reduced 
to the spin Tij^ and the geometry of spacetime, accordingly, is characterized by the van¬ 
ishing nonmetricity Qkij = 0. The general equations of motion based on the conservation 
laws and (l27)) will be analysed elsewhere. 

The lowest (pole and dipole) integrated moments are p^° = and 

py^y<^ = - [ ay^gy°x,E^°^^dEx„ sy^y^ = - [ gy\,gy\,T^^°^^^^Hi:x,. (28) 

Jy.(s) Jt.(s) 

The tilde denotes densitized canonical energy-momentum and spin tensors, and the inte¬ 
gration is done over the spatial cross-section S(s) of a world tube of a body at the value 
s of the proper time parameter along the representative world line x*(s). 

Performing the appropriate integrations of the conservation laws fl26|l and ([27]), we 
obtain the equations of motion in the pole-dipole approximation m 

+ /“, = -2n[“p'’l + /“^ (29) 

as 2 as 

Here = dx°'/ds is the 4-velocity of the body, and we construct the generalized total 
energy-momentum vector and the total angular momentum tensor 

= F - 5“'’) VbF, = F + 5“'’) , (30) 

from the integrated 4-momentum of the body, the integrated orbital angular momentum 

j^ab _ and the integrated spin angular momentum 5'“^ = —2s“^. 
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The Mathisson-Papapetrou equations fl2^ contain an additional force and torque due 
to the higher multipole moments and the nonminimal coupling (with Ai = Vi log F): 

fa ^ (31) 

fab ^ (32) 

Here ^ 0^“ = ^ - g“^), and 

gyomy2 = f gVo ( 33 ) 

Je{s) 

For the definition of see pH] , 

Interestingly, the form of the torsion-dependent pieces of the additional force and 
torque exactly reproduces the contribution of the quadrupole translational moment stud¬ 
ied for fermionic matter in |T^[T3] . An important next step would be to establish the 
complete structure of the equations of motion up to the quadrupole order both in the 
rotational and translational moments. Such a study can be most conveniently done along 
the lines of the approach of Bailey and Israel |14j . 

Our covariant equations of motion fl2^ extend and confirm previous results on the 
dynamics of extended bodies with spin [TSlflG] and [8] . In particular, when the coupling is 
minimal {F = 1), we immediately verify that the post-Riemannian geometrical structure 
of spacetime can be detected only by using test particles with intrinsic spin. Rotating 
macroscopic bodies are thus, so to say, neutral to the torsion. 

Nevertheless, it is worthwhile to notice that even structureless massive point particles 
can be affected by the post-Riemannian gravitational field when the coupling function F 
depends on the torsion and nonmetricity. Such single-pole particles do not move along 
geodesic curves (in contrast to minimally coupled point particles). A “pressure” like force 
arises as the gradient of the coupling function: 

= U^b- log F. (34) 

A similar force determines the nongeodetic motion of test particles in the scalar-tensor 
theory of gravitation [TTlflS] where the gravitational coupling constant is replaced by the 
scalar coupling function. 
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